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The beneficial effect o f finite ß  on neoclassical confinem ent is dem onstra ted  in Helias 
configurations. Equilibrium  and transport calculations were perform ed for </?) up to 0.15.

1. Introduction

Monte Carlo simulation o f neoclassical confine­
ment developed previously [ 1 ] is a useful tool for 
demonstrating the influence of the structure o f the 
confining magnetic field on confinement properties 
in the long-mean-free-path (lmfp) regime. Figure 1 
shows three very different types of confinement 
behaviour demonstrated in an axisymmetric tokamak 
and in a tokamak with ripple: banana transport, 
v_ 1  transport owing to the ripple in an intermediate 
lm pf regime where real space diffusion prevails, 
and v transport in the very lmfp regime which is 
governed by velocity space diffusion. The latter two 
types o f transport behaviour are also characteristic 
of toroidal stellarators, as is shown in Figure 2. The 
occurrence o f a loss rate 5  approximately given by 
the collision frequency v ( v  particle velocity, A  mean 
free path)

S v ~  v  I A  =  v

is o f particular importance because it would 
represent a severe obstacle to fusion in stellarators. 
According to the current status o f transport theory 
and simulation, an electric field in the form of an 
electric potential which is constant on magnetic 
surfaces and is o f the order of the particle energy is 
the main healing mechanism that improves the 
transport behaviour in the lmfp regime. Figure 3 
demonstrates an improvement o f about two orders 
o f magnitude in an / =  2  stellarator in which a 
potential difference o f twice the particle energy acts
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on ions with a plasma- to gyro-radius ratio Q e of 
Q q =  500. An improvement o f this order is required 
to allow self-sustained thermonuclear fusion.

The search for finite ß  effects on neoclassical 
confinement hitherto led to the conclusion that they 
are not important [2 ] or that they may even destroy 
the good transport properties o f transport-optimized 
vacuum field configurations [3]. Analyzing Helias 
configurations, we show that these equilibria 
exhibit improved transport with increasing ß  in all 
transport regimes.

2. Finite-ß Helias Equilibria

The properties o f the Helias [4 -7 ]  stellarator can 
be summarized as follows: A significant magnetic 
well (^  1 %) in the vacuum field, in combination 
with a strong reduction o f the parallel current 
density ( ( j 2/ j ± y  ^  0.5), allows finite-/? configura­
tions with ~  0 . 1  at acceptable aspect ratio 
(^  1 2 ) and otherwise moderate shape characterized 
by half-axis ratios not exceeding ;$ 3 and moderate 
indentation. At these beta values the Shafranov shift 
and the change in shear are negligible, the change in 
twist is ^  (/? ), and the resistive interchange stability 
criterion as the most stringent necessary criterion 
and as conjectured measure of complete MHD 
stability is satisfied. Both options, finite shear with 
the occurrence o f rational twist values o f medium  
order (e.g. / =  1 / 6 ) and small shear avoiding such 
twist values, are available. Furthermore, the num­
ber o f particles localized in the regions o f weak 
curvature o f the plasma column differs for different 
members o f the Helias class. The Helias class o f
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Fig. 1. M onte C arlo sim ulation o f loss rates in a tokam ak 
w ithout and with ripple. Shown are norm alized (5*) loss 
rates (5) versus norm alized (L*) m ean free paths (A): 
S*

Q,
transform , R0 toroidal radius; L* =  A / L C, L c =  n R 0/i  ha lf 
the connection length. Also shown are norm alized loss 
rates SpS =  \ /L *  (Pfirsch-Schlüter rate), S q = A l5/L*  
(banana loss), S r  =  1.65 5*15 L* (ripple loss), de effective 
ripple. Qq =  10 3, R 0/a  =  10, / =  0.5, de =  0.02.

5 /S p , 5 P =  3.6 r / ( Q 2e i n R0), v particle velocity, 
e — a/Q, a plasma radius, g gyro-radius, i rotational

Fig. 2. N orm alized loss rates in an / =  2 stellarator for 
Qe =  50 (o), 200 (+ ), and 1000 (x). R 0/a  =  8.6, N =  5, 
i =  0.5, öe % 0.02 (at aspect ratio A =  17).

stellarators was constructed by noting that the 
boundary shape of the plasma completely deter­
mines its physical properties, by suitably param­
etrizing this shape, and by searching the con­
figurational space with 3 D equilibrium codes 
supplemented by the stability assessment.

Figure 4 shows the geometrical characteristics o f  
a Helias plasma column. Figure 5 shows zero-/? flux 
surfaces o f a specific Helias case [6 , 7], and Fig. 6  

the corresponding </?) =  0.15 result.

Fig. 3. N orm alized loss rates S* (o) in an / =  2 ste llarator 
with e & 0/ E = ±  2; Qe =  500, R 0/a  =  8.6, N =  5, / =  0.5, 
öe *  0.02 (at ,4 = 1 7 ) . In addition , the corresponding 
norm alized transport coefficient D* (x) (which does not 
depend on the sign of the electric field) is show n; 
Qe =  500, A =  12.5, N =  5, / =  0.5, Se % 0.03. The L* and 
L* regim es are also indicated.

Fig. 4. Plasm a boundary o f a Helias configuration viewed 
obliquely from above.

Fig. 5. Flux surfaces o f a Helias equilibrium  with 4̂ =  11.5, 
N =  5, R0 i= 0 .8 ,  Z 0 , =  0.4, zJ, o =  0.1, A0 =  0.01, A u. : 
=  0.39, A2,o =  0.05, ^ 2, - ,  =  0.24, z)2, - 2 =  0.07, </?> =  0, as 
obtained with the VMEC [8] code.

To consider ballooning modes in general 3 D  
equilibria [9], Boozer's coordinates [10] were con­
structed [ 1 1 ] from the equilibrium information. 
These poloidal (9) and toroidal (tp) coordinates are 
related to the usual poloidal (w) and toroidal
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Fig. 6. Sam e as Fig. 5 but w ith ( /? )  =  0.15.

(v a  toroidal angle of the cylinder coordinate system) 
coordinates of 3 D flux-variable codes by the 
following set o f equations:

B  =  Vs x  Vi// =  V / +  ß  V s ,

ip =  — Fj- u +  F'p v +  /.,

/ =J u  + Iv + /,

F t = F t (s), FP = F P(s), J  =  J( s ) ,  /  =  / ( s ) ,  ' =  - j - ;  
d s

# =  w +  0 ,

(p = r 4-ip,

e  = ( F ' p x - i ; . ) / ( F ' T i  +  F'Pj ) ,

V = ( F ’Tx  +  J/>)/{F'T l  +  F ’p J ) ,

\p =  — F'T 0 +  F'p <p,

/  =  J  0 +  I <p

which shows that, in these coordinates, both the 
field lines and their orthogonals are straight. 
Because of

1B — ( V s x Vy/) • V /  =  -  —  {F'TI +  F'pJ)
V9

it is easy to see [ 1 0 ] that the guiding centre drift 
equations only require a knowledge o f mod B 
=  B ( s , 0 , ( p )  in these coordinates. Figures 7 and 8  

contain this information in Fourier-analyzed form. 
The three components B 0 0 (main magnetic field 
containing the deepening o f the magnetic well at 
finite ß ) ,  B XA (representing the helical curvature), 
and ßj o (representing the mirror field with its 
minimum in the nearly straight part o f the plasma 
column) are the dominant components. Further­
more, all components except B 0 0 depend only 
weakly on ß.  This is a consequence o f the weak 
change in geometry o f the flux-surfaces as ß  is 
increased (Figs. 5 and 6 ), which itself is o f course 
due to the small Pfirsch-Schlüter current density.

0 . 0  0 . 5  1 . 0s
Fig. 7. F ourier com ponents Bnm (n =  <p, toroidal index, 
m =  0 , poloidal index) o f  the m agnetic field strength B as 
functions o f the flux label s for the zero-/? case shown in 
Fig. 5.

3. Results of Monte Carlo Simulations

The calculation o f a global confinement time is 
done by the following Monte Carlo procedure, 
which relies on obtaining an asymptotic stationary 
distribution [1], Only scattering by a uniform back­
ground plasma is simulated, so that a constant value 
of mean free path for pitch angle scattering is 
assumed throughout the plasma volume. A particle 
leaving this volume is replaced by another particle 
with the same initial energy E  in such a way that a 
particle (with index n,) o f the remaining test dis­
tribution is doubled and from then on treated as 
statistically independent. The particle to be doubled 
is selected according to a cyclic procedure

rij =  («,■_| -I- A'cyc) modulo 64

for a test distribution which comprises 64 particles. 
Here, A7 ,_] is the index o f the particle which was
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Fig. 8. Sam e as Fig. 7 but w ith ( /? )  =  0.15.

doubled last. The cycle number kcyc has to be 
relatively prime to the number o f particles. By this 
procedure a stationary solution is asymptotically 
obtained and corresponds to the slowest decay mode 
of the drift kinetic equation without source term. 
The decay rate of this mode corresponds to the 
Monte Carlo replenishment rate and is equivalent to 
the loss rate. Asymptotically in time, the procedure 
described is equivalent to a particle source function 
proportional to the distribution function.

For a tokamak without electric field, the follow­
ing plateau loss rate is found:

It is useful to keep the following sets o f numbers in 
mind:

E  (deuterons) =  10 keV, a =  1 m, R =  10 m,

B =  5 T, i =  1/2 yields S P ~  4 s ' 1.
E  (protons) =  3 keV, a =  0.5 m, R  =  5 m,
8  =  3 T. t =  1/2 yields S P ^ 9 s - '.

Normalized loss rates are introduced by 

S* = S / S P .

For the Pfirsch-Schlüter, banana, and, in the case of 
a rippled tokamak. ripple regimes, the following 
results are found:

5?S = l /L * ;  S l * A m / L * \  Sr =  1.65 <5e3 / 2  L * .

Figures 1 and 2 show these results and. in the lmfp 
regime, the relation

S v % v/A =  v.

With an electric field, the pitch angle collision 
operator has to be supplemented by an energy 
relaxation operator which keeps the particle kinetic 
energy approximately constant. For, if the total 
energy were conserved in the collisions, the electro­
static confinement properties would dominate the 
behaviour of the test particle distribution function. 
Here, the kinetic energy is relaxed with the same 
time constant as governs the pitch angle scattering:

new =  -Void ( 1 — A ) ±  ]/(l -  A-2,d) A , .V =  V || / v  ,

£new = £ 0ld + “  £old) A , (3.2)

where A =  A t / i 90° (A/ time step) and .vnew, .Yold are 
the values o f the pitch angle and E new, £ 0id the 
values of the kinetic energy, E  being the initial 
energy of the test particle. This procedure results in 
thermodynamic equilibrium of the test particle 
distribution /  in the applied potential 0 ,  i.e. 
f = f o  exp(— e (P/E) ,  where / 0  is the distribution 
function without applied electric potential.

From the procedure described above it is plau­
sible that a guiding centre particle, since its collision- 
less motion is governed by energy conservation

YM
H  =  —  v} +  Li B +  e (p ,

2

should be better confined in a true m inimum-5  
configuration. Figure 9 shows the radial (5 ) depen­
dence of the minimum and maximum of B for the 
ß = 0  and the <(/?) =  0.15 cases considered in Sec­
tion 2. The finite-/? Helias case is indeed charac­
terized by a true minimum of B (see Fig. 9). while 
in classical / =  2 stellarators this situation cannot be 
realized because the equilibrium ß  limit is too small 
to compensate the toroidal effect.

Figure 10 shows the results o f the loss rate calcu­
lation for the ß  =  0 and </?) =  0.15 cases. In the
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0 . 5  --

0 . -I-----------------------------------------1--------------------------------------- I
. 0 . 5  1.

Fig. 9. M inim um  and m axim um  of B as functions o f the
radial label s for the ß = 0  (------ ) and the </?) =  0.15
(-------) Helias cases.

1 0 5 l O 4 I 0 3 I 0 2 10 1

Fig. 11. N orm alized  loss rates S* in the /?=  0 case with an 
electrostatically attracting  (—) and a repelling (+ ) potential 
given by e 0 OIE  = ±  0.5.

1 0 5  l O 4 1 0 3 1 0 2 10 I

L ’

Fig. 10. N orm alized loss rates S* in the ß = 0  (o) and in 
the (/?> =  0.15 (x) Helias cases as functions o f norm alized 
m ean free paths.

10

s '

.0 I --------------- 1--------------- 1--------------- 1--------------- 1----------------
1 0 5 I O 4 1 0 3 I 0 2  10  1

L ’

Fig. 12. Sam e as Fig. 11, bu t w ith </?> =  0.15.

latter case the confinement is improved by a factor 
of about 4 in the lmfp regime.

Figures 11 and 12 show the corresponding results 
for an applied electric potential characterized by 
e E  =  0.5. For the /? =  0 case confinement times 
are already improved by one order o f magnitude 
with this relatively small potential, irrespective of 
its sign. For the finite-/? case the “repelling” poten­
tial has only a small beneficial effect. This result is 
of course to be expected and can also be stated in 
the form that, for the “repelling” potential, an 
increase in ß  may decrease confinement times. 
Correspondingly, the “attracting” potential is very

beneficial in the finite-/? case and leads to very good 
neoclassical ion confinement comparable to the 
tokamak banana regime.

4. Conclusion

For the Helias class o f stellarators it has been 
demonstrated that at finite ß  a true m inim um -5  
situation can be established which, in the case o f an 
attracting potential, is beneficial for global ion con­
finement to the extent that basic fusion reactor 
experiments might be satisfied.
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